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On tke Possibility -1 Investigation of the Mass Comp:sition
ind Energy 3pectra of Primary Cosmic Ray (PCR)
in the Energy Range from 0% to 10" eV Using EAS Data.
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summary, — 4 method ailowing ohe to derermine the mass compesition of primary
cosmie radiation oy means of simuitaneous anaivzis of model and experimentai dara
.5 presented N tis paper. The most important part of this work is the quantitative
somparidon of muitivaniate distributions and che use of methods of nonparametric
statistics for propapility density estimation in a mauitivariate space of features. To
eneck the method orfered. svents with £, = 500 TeV were generated by the Monte
Cario merhod. The showers generated ware preiiminariv processed by aleorithms
ized in experimental data handiing. The apparatus-induced distortions of the mea-
sured EAS characterisues have peen taken into account. The method ailows one to
seleet an experimentai event initiated by primary protons and iron nuciet with an ef-
detenev of 170 = 801%. Also & new multivarnate method of ineident particie enerey
£3IMATION DA3Zed ON The nonparametrie vecression is deseribed. The method pro-
posed, topether with the apove-mentioned muitivarate EAS ciassificatian, ailows
ine Lo determine the energy spectrum of incldent proions and nuciel. Dezection ang
invesilgation of the products of interaction uf these particles with the atmospnere
-.n'ji ailow 43 1o study proton-nuclel and nuetei-nuclel interactions at energies from
I0*? wp 10" aY,

PACE 24,30, - Cosmic-ray interacuons with -he Earth.

L. - [Introduction.

The amoiquity of ‘nterpretation of “he resuits of experiments with cosmic rave is
comfected Ath Doth <iemificant gans in sur inowiedge of “he cnaracteristics o
naUren-ilcledr INLEractions ot superdceclerator energies ann ndefiniteness of he
PSR composition. The =xtra «ifficuities are (jue 1o inairect =xperiments and hence.
due ' the use of Monte Cuarlo simulations of deveiopment and detection of «different
eomponents of quciedr leCtromarmerie cascaries,

To researen into nadron-nuciear internctions in TR, one =hould xnow the rype of
TerineeNUGALGRE neldent particte, Sespies, the nvestiration of e mass composi-
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tion of PCR is of particular interest is connection with the proolem af the CR
urigin.

At present the data available on the mass composition of PCR in the enerey range
{10 = 10'7) eV are obtained by detecting and investigating the different components
of EAS and --families detected by X-ray emuision champers {X-REC). And if the
frst data set stares a -normal composition-—xtrapolation of PCR vomposition 0%
protons and 20% iron nuclell measured by direct methods in the shergy range
(10" = 10"} eV [1. 51, then che data on --family fuxes testify to a decrease of the pro-
tons fraction in PCR at £, > L0¥ oV down to 13 = 200 and hence to ominance uf
iron aucletiZ).

This contradiction. vet inexpiicuble, may be due o -different experimental data
handling methods. Besides. the «family charaeteristics are more sensitive [0 the
modei of strong interactions than the EAS ones. hence, varation of modei parame-
ters can change the estimate of the proton and wron nucle: ‘ractions. The problem of
relative fiominance of iron nuelet is very important. because the interprecation of the
axperimental data obtained in UHE CR is based on the mass composition of
PCRI3].

The PCR cnergy speetrum has been investigated up Lo energy W eV in sateilite
and bailoon expertments. The measurements based un detection of EAS mainty it to
the ateilite and bailoon data i the energy ranwve up 1o 10°° eV (4% The integrai spec-
trum index changes Srom 1.6 to 2 in the energy range 3-10" =3 = veV—he su-
called :pectrum -kKnee-.

A possible step to the deseription of spectrum breaking is the study or the ener
spectra of separate groups of nuciei and protons mn the region of the knee. since 0¥
them une van judge about the validity of different models of the origin and provaga-
tion of U R. The oroton energy spectra are studied up ro 10 oV by the JACEE coilan-
orationi3) and in sateilite experiments up o 108 eV [B]. Seiecting the proton snowers
via the presence of the high-energy hadrons in the calorimeter \Ey, Eq=>11.23). the
snergy ipectrumm of protons with snergy {0 2V has been obtained n ref.[7]. This
merhad is based on the fact that the incident particie energy dissipation is more in-
tense in the cascades initiated by ‘ncident nuciel Bur due o large fluctations in the
nortion of energy rransterred to hadrons at 4 fxed initial energy. such selection may
considerspiv veduce the number of pyoton showers, In ref. (3] the dactions o ciiffer-
ant groups of nuclei in PCR were ssrimated and the energy :pectra of the aorrespond-
ing nuciel in the energy range : 10°° = 10*" eV were yprained bv the methad of soiving
the inverse oroblem. The resuits of ver. {T. 3| mainiy coincide with the direct 2xperi-
ment ara.

Tn this naper an aporoach i nresented. vhich uilows une to determine -he mass
composition of PCR by means of simultanecus snaivsis o6 smodet and sxperimental fda-
ca. The mosi mportant part Jf the methou 3 “he LANUatve omparnson of muitis
variare distributions and use of 2 nonparametric Tecnnigue T wstimate the srabapility
density in 4 muitidimensional feature space. As comparsi 10 n@ euruer nged meinc
of inverse problem solution. with the heip of wnien the mass cammposition of PCR We
frst etermined in the energy range £ > 0% oV with surficient luantitative cer-
tainty (3], in the proposed method the apject of anaivsis 3 =uch particuiar event 'a
point in the muitivariate space of EAS parametersi arher than aiternative disiriou-
“1ons of model and experimental data. That is way. along with the averaged charge-
-aristics, the nelonging of 2aen event 10 4 Certiun class is derermined.

This approach was iirst used to estimate the ubder HmIt Jf the wren nttciel fraction
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sccording to the —-familv characiersrics (2, 10]. As opposed to refl [10], where events
were classified into two casses (4 >30 and A4 < 30). now it is possible to classify
2vents into an uniimited numoer of classes(11].

After particle identfication the new multivariate method of estimation of incident
particie <nergy. used iso 1o eilimate The hadron snerg)y according to X-ray emulsion
shamber datajlol, was uoplied 10 vecover the enevgy ¢haraeteristies of {luxes of dii-
“ene nuclel ineident on the atmoesphere.

Events with £, > 30 Tel\” have veen simuiated to check the methods proposed.
The showers were registeved at u Jdeptn of 700 g em”. The model data were prelimi-
Aariiy handled according to algorithms ased in the data handling at the Tien-Shan
station(13]. The dmite resoiution of the instailation measuring EAS characteristics
Hus heen liken Mo aecount.

2. - Simuiation of a nuclear-eleciromagnetic cascade in the atmosphere.

The ineident particie energy was drawn zecording 1o the energy spectrum given in
ref. /4], A nermai CR composition was simulated 140% protons and 20% iron nucleil.
Five groups of nuclel were considered: protons tp). =-particies (z), nuciel with
A=17 = CNO, A =24 =27V H and 4 =50 = 58) VH. Protons and z-particles fur-
tmer were unified into one group.

Strong interactions were simulated by aigorithms which reproduce the quark-
givon :iring modet (QGSM) speetra for ha inveractions [14]. The algorithm used
ailows one to simuiate nucieon, pion. kaon and \-hvperon interactions with N at
303 < Z < 10" TeV. Production of ..\ pairs, = K. .\. r was taken into account. In the
Zrame of he Regge theory there were simulated srocesses of single and double

raction as well as inelastic recharging of =% — =, p—n.

The incident nucieus Tragmentation was taken into account when simulating AN"
interactions. The nN'! interaction cross-sections were approximated as

2,1} | siea = 226 —24.511 log (BN ~2.31 log” (ED.,

J 2o = 205 —=28.04 jogtE) —3.35 log” (E).

! \:Ii G b

| s5er = 198 —27.021 log (E) ~1.31 log~ 1EY.

vhere & s the incident particie energy in the laboratory svstem of coordinates (E is
:n TeV'.. Znergy dependence o7 the mean muitiplicity of charged particles in h" in-
weractions was approximated as

iy (N =#0.817 I E -3.127 In £ +10.27 iE s in TeV].

The number nf :econdaries was drawn according 1o K0 distnibution. [t wvas tak-
=t that the mean ‘ransverse momentum of secondsries increased with the energy ac-
ording Lo

2.3 Py =1.36(1 0,023 IntE 0.1 (£ is in TeVh,

For different secondaries { P, and the shape of distribution over . differed and cor-
rezpnnded to the axisting accelerator data.

Eleerrnmarmnetic nteractions were simulated as in ored 13 P

Polr previuction,
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bremsstrahlung and multiple Coulomb scattering were taken into account. At the
same time. it was assumed that transversal development of electron-photon cascades
is due to only muitiple Coulomb scattering. To caleulate the average EAS character-
istics. we have used the approximated formulae obtained in ref. [16].

3. - Comparison of EAS single characteristies and choice of optimal fea-
tures. '

To choose features most sensitive to the PCR composition. the singie characterist-
ics of EAS initiated bv primary protons and iron nuclej were compared. The foilowing
¥ AS characteristics nave been considered: che total number of electrons N, , the total
aumber of muons with £, > 5GeV. the EAS age parameter 3. the total number, en-
srgy. mean energy, average distance to E.AS cores and dispersion of spatial and ener-
gy distributions of muons with £, > 200 GeV and hadrons with £, > 200GeV in EAS
and the linear regression coerficients of spatial and energy distributions of muons and
hadrons (£ = C1=C2R).

A guantitative comparison of various features is presented in table [, where the £-
quantiles of statistcal tests of comparison of samples from unpivariate distributions as
well 1s the Bhattacharva probabilistic distance(17] berween the samples are given.
The Student. Koimogorov, Mann-Whitney tests have been used. [t follows cfrom
these dara that the most appropriate feature to determine the EAS composition are
the high-energy muon characteristics. The hadron component characteristics are let
sensitive to the primary particie type (the higher the P.quantile of the test. the
stronger the difference between the corresponding distriburions). In this paper we
have used EAS eharacteristics oniv (NV,, V, (& =3 GeV). 3). Though the sensitivity
of ¥, and § to the primary particie type is low. however, due to a different degree of
sorreiation Detween ,. V. and S for events initiated by primary protons and iron nu-
clei. 3s is seen from cable 11 and [IL. the use of all the three EAS characreristics es-
sentiaily improves the event classification reiiapiiity. The choiee of these characteris-

TABLE [, - P-puantiles or stanstical (éais of compariEon of naireTee distribntion of different

sharactersties of TAS  imiftated by gromary  FrowoHs amd  rom grewp  nucier at
1P < N, <20 10%
Student Hoimegorov  Mann-Whitney  Bhattacharya distance
N, 0.535 Lozl .15 02
NoE. 7 3GV 28T 5.529 16,12 o 45
3 7.6 2178 . ) RN
N E, > 00GeV) 25.435 T.333 16.4 0451
TELE, = 200GeV) L3.2k% 3.582 12,43 ). 120
LE AE, > 200GeV) H.782 5.523 LL13 1433
‘B E, = GV 18,241 5333 14,36 1.295
Vo BL = 200GeV) $.715 2,400 .35 n,243
T ELEL > 200GeVY 1015 2,600 5,30 1),495
EL R, 2 200 Ge VY 3508 1.633 L4 1,123
0, Ta RIS

-R':.':RL} mﬂ".;&"‘.-.} 591?3 -:_:95
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TABLE I1. - The coerfictonts of correfation betiveen the characteristics of the electron-photan and
the nuon conrponents of TAS wowh 1-10° < N, <2 HP fromi primary protons (the quantities
mariced Wwith « correspond fo anaons ith £ = ’1]]11¢‘t'.

5 8 3 y? SEY (BFY AR
N, e (306 =1).152 11143 108 il o -1
N, 1).293 v e 1,332 0717 0,041 0,518
3 -, 152 i).143 e 1,468 0,441 0,039 0.469

N 0,143 ih33s 0,458 ———— 1.356 0.1 0.72
< oe 0,108 TIT 0,411 0,806 s 0.476 658
rEx 0010 (1Y) 0,139 0,104 1476 fram— 0,093
RN - i) 18 9.516 i 469 U728 0,535 0.093 Tmmme

TABLE [TL = The coerficients or correiation bericeen the characteristics of the electron-photon and
the ntuon componenis of EAS imrh 1-10P < N, < 2-10° “rom primary ‘ron nuclet \the quantities
marged ik - corvespond to muons cith £ > 200GeV0.

. N, = A T (ERY LR
3 ok 0.535 - 0,205 1.353 . 366 N — 1,026
N 0,533 0,195 {1,830 0.820 0.275 0.345
5 =205 0195 S 1228 0.223 .03 h223
52 0,253 0.320 1.928 0,978 0.391 1.633
TEr 0,366 03,820 0,294 0.978 - 1,536 0,611
B i.252 0273 0,073 0.391 1.586 0.213
o =15, 026 345 0.X3 0,683 611 01,218 mmm

-ics is aisp due to their reiatively low sensitivity to strong interaction characteristics,
wnicn alows one 0 nepe for obtaining @ medel-independent interence on the PCR

mass composition.

1, = Classification of the distribution mixture.

Lat us eonsider the stochastic meenanism (4, #° which generates Lhe r}bser*-*:tl:ion
v in a muitivariate ‘eature space (¢ 5 u d-dimensional vector of values measured in
sxperiment. d is dimensionaiitv of the ‘eature space). The pasic siates space 4 5 4
nification of avents from different primarv nuciel We know no law ol nature ke
‘4. ), that is why, 10 determine a oronaptlity measure m A, the total Monte Carlo

‘irauiation of the phenomencn under invesugation .3 nerfurmed. incieding 2xperi-
mental data 1‘E‘.’,’13t1‘ﬂ110-l1 and nandline.

The set of d-dimensionai & ~ectors ubtamned in simuiations is the simular anatoeg of
:he =xperimentailv measured vaiues of V. Bul. a8 opposed 10 axpenimental data, it iz
wnown to which of the alternative ciasses eacn of the vvents neiongs. These . Jlapebed -
svents inciude 4 pror injormation about Jdvnamics of “he process under invesciga-
‘lon. whicn 3 qaven i a 1mmar:1mwnr: ‘orm. a8 Anite-<ize sAMmes. The zequence
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(0.4}, where i = 1. Mrg, j=1. L. t is the class index. we usually call a training se-
ries or sample (TS) which is also denoted by (4. .

Since both physical processes of particle production and those of registration are
stochastic and the information about the phenomena under investigation is smeared
out, the data analysis is uncertain in the sense that one need not wait for event separ-
ation into compact nonoverlapping zroups corresponding to different primary nuclei.
The only thing we can require when classifying experimental data by varous primary
nuclei is to minimize the losses due to an incorreet classifieation to some degree and to
ensure the use of @ prior information compietely. Such a procedure is the Bayes deci-
sion rule with nonparametric sstimation of the multivariate probabpility density fune-
tion. which, when using a simole loss function (the loss is zero in case of correct classi-
feation and is the same at any error!, takes the form

4.1 4= rp, A, 42 = argmax{ PlA 1), =1L,

where 2{A,/ )~ P, P{r+ A.) are a posterior densities. P(u/A.) are conditional densi-
ries which are estimated by TS (A, «®) using ome of many nonparametric methods
available (18], L is the number of groups of nuclel.

[nitial (e priort) values of P, are raken equal. The monograph [19] is devoted to the
interplay of @ priort and experimental informatien in iraction estimation problems.
Here we srail not go into discussion of competence of the ehoice of 4 uniform a priort
distriburion. but only mention that at sueh a choice the a posteriort propability and
hence. the results of classification. will be totaily defined by experimental informs
tion. which ssems reasonable to us in the given physical task.

To estimate conditional densities. we used Parzen’s method with automatic kernel
width adaptation. In cthis method some probability density values are caleniated
which correspond to different vaiues of methed parameters. Then the sequence no-
rained is ordered and the median of this sequence 's chosen as final estimate. Depend-
ing on the vaiue of the prooability densicy in the vieinity of V. due to stabilizing prop-
arties of the median. ach time we will choose 2n estimate with a width most dtting
for that region{20]. The probability density is estimated oy

H A
) PIV A0 = 122 h* N axp[=rf AUV, f=1.L.

where 4 i3 the feature space dimensionaiity. ). is the number of vectors of the -th TS
class, » Is the distance to the j-ih neighbour in the Mahalanoois metrie:

(4.2) pE V= U3 RV =07,
where R is a sampling covariance matrix of ciass 1o whien L7 Jewongs. V. i3 the event
weight. & i5 the kernei madth,

The classification methods. like ail the statistical ones, inciuce the orocedure qual
ity test as a necessary element. This stage peside all the others is also necessary tin
the detertnination of the primary composition. The most natural procedure auality
estimate is the error probability which depends on both the regree of averlapping of
altermarive multivariate distributions and -he decision rule being used ‘Baves cleci-
sion rules provide mimmum error probability as compared 0 any other onel

i4,4) R = E{6lriV.A. 222},
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where
0. at correet classification.

& Lo
BlriV A, = _
'l othermse.
and E stands for mathe: 'arical expectaticn. The expectation is taken over all possile
sampies of voiume M ind over the wnole d-dimensional space of measureq vai-
nes,
Since 'we do not exactly know to what ciags the experimental vectors belong, the
estimate of 2§ we vbtain via TS is
e
4.5 By=1 Mrs > ot il 4, 180,
= i

;.. we classify the ;L TS and check the correctness of classification over the index
of the elass 7., *=1, L. However, as numerous investigacions have shown te.g..[2ZL]),
-his setimate iz svstematically biased and hence. a rross-validation estimation s

orererable:

e
.61 RE =1, Mys > 8{t:, (U0 3. 2,

=1
where 4. P is a TS with a removed i-th element. whicn is classifled. This estimate
s unbiasad and has an essentiaily smaller r.m.s. deviation. The advantage of £ is
pspeciailv notaole when the feature space has a higher dimensionalitv[22].

Note that we have the possibiity to estmate the srrors grobabiiity of various
svpes by imposing 1o ciassification various TS classes. | U, ¢}, g=1. L. L is the num-
per of ciasses.

By R. we denote the probaniity tor rhe classification of the i-th class events as oe-
lon@ing %o the *-th class imisclassiication).

Now let s estimate the a posteriori fraction of various kernel types In the inci-
dent flux.

It is known 23] that the pest estimate of a posteriori fraction (in case of aniform a
priort information and apsence of classification errors) is the empirical fraction

4.7 Pt= M,/ M,

wnere M. ‘= the numper of events classified as initiated by the kernel group 4. M. is
‘he total number of events registered during experiment. [i can De snown 1seei24],
where 4 lormuia Jor the case with L =2 is derived) that wath aceount af classification
errors the fraction of various kernels can be obtained as the soiution of the following
ser of linear equations:

En;,P‘EPtieh=Pr~ rI:E"'-"
i =

4.5 1 -

FTRE

In the first sum summation goes over f, in the second over & All estimates of B., und
P* ire obuained over one and the same TS using the same deecision rules.

The accuracy of estimates is defined by the TS size and numper of sxperimental
iiuta us wvedl as ov che value of the classification errore. ‘which present the ~ouaiicy - of
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diserimination in the chosen feature subset, Note that the set 14.3) is a pooriy detined
system and at large values of classification errors the solutions of the set are unpre-
dietable and hence. the choice of a feature combination providing a high percentage
= 60%) of correct classification is 3 necessary preliminary stage.

5. = The method of primary flux determination.

As we have shown in the previous section, to estimate the fraction of various nu-
viel in an incident fux of cosmic radiation. beside classification of an experimental
sample by 1 TS. it is also necessary to caleulate any misciassification coetficients. Ry.
The error in the determination of the fraction of various kernels is a function of the er-
rors both [rom classification and in determination of ;.

The possibility o decrease the bias and variance of usclassification rates 25t
mates was discussed in ref. [21], where it was mentioned that it is possible to improve
the aceuracy of R., estimates. if the TS size is large enougn to separate the TS into in-
dependent subsamples.

Unfortunateiv, time consumption per model event generation increases abruptly
with energy and we nave not 10 expect much modei information in the energy range
> 10%eV.

Thus. the prodlem of an erficient use of the information contdined in simulation re-
suits is as never acrual for cosmic ray and accelerator physics, since the clussical sam-
piing modeis do not allow us to extraet the whoie information varried by a samp'~

The methods of sample controi during handling are widely used in the last i
vears. One of these is the leave-one-sut-ior-a-ume test considered in the previous
secrion. which allows 1s o decrease the sample bias.

A more efficient procedure actively developing in both appiied and theoretical re-
ipects in the last decade is the Doolstrap which lies in replication of the initial zampie
very many imes by means of random sampiing with repiacement {251. The thus ob-
tained conditionaily independent bootstrap-replicas in many respects ztand for inde-
nendent samples ‘rom the general popuiation (under the condition of surficiently
larre size of the initial sampie). [n fact. the bootsirap substitiies the unknown gener-
1t popuiation oy a singie sampie. {.¢. the ideology deseribed in sset. { of this paper s
‘ollowed.

There are two wavs of distribution mixcure coefflcient estimation: i) to obtain the
bootstrap estimate of the misclassification coeffictents R, then viassify and estumarte
-he fraction or ) carry out ‘raction estimation over ach DOOTEIraD replica. chen on-
“in :he “raction and che standart deviation oootsirap expeetation. The second way is
oreferaple. necause obraming the itandarc deviation in the -first ¢case s time-consun-
‘ng. It is enougn ‘o sav that the 2rrors propagation ‘ormuiae notained by the RE-
DUCE svmoolic manipuiation program occupy several standard sheets in case of cias-
sification into four ciasses.

The Dootsirap method of the distrioution mixture coetfictent =stimation takes
loilowing formu:

5. 1) PapPIP, . Pi=rT £ -1 4 2

This soiucion is 4 compiex junction of experimental data and the TS as well as the de-
sision rule - peing used. By several TS bootstrap replcus we calcuiate the nootstrap
sxpectation and the 5000STrap standard fieviation oI -he mixture coerficients ..
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TaBLE V. - The Bayes evror matrz votained by the leave-ome-out method. by TS within the
range 1-10F = XN, <2 1P

P CNO H VH
P 0.798 0. 102 1.06% 1033
CxO 0127 1. 688 4,105 0,080
i T2 1,113 1,681 012y
VH LS 0.Uh0 . 120 0.7

which are used as estimates of the fraction of different kernel groups in the primary
fux. :
To test the method. the generated events were grouped in two. The drst were
used to create 3 TS and the second as pseudo-experimental events. The EAS charae-
reristics (,..N,.3) were used in the events classification, where events in different
Zved intervais over N, were seiected. The TS consisted of four classes in accordance
with the primary kernel tvpe .p-orotons and =-Darticies. CNO-kerneis with
A=T=16 H with 4 =24-+27 and VH with 4 = 50 = 36).

Table IV nresents the Bayes error matrix obtained as a result of a leave-one-out
test over TS. The diagonal slements of this matrix show the probability for a correct
events classification and the nondiagonal elements the probability for mis-
ciassifications. It is seen from table [V that the correct classifications make about
(70 = 2014 +classification of ~beundarys groups (protons and iren group nucleil is es-
sentially better than that of the intermediate groups). Note that the accuracy of clas-
sifiearion can be improved bv seiecting events at narrow zenith angles < (4 varies be-
ween 0 and 457\

Table V shows the recovered nuclei fractions obtained by classification of model
evenrs for one interval over N.. The errors presented are obtained by the booistrap
procedure, Fractions of kermel groups mven in EAS simulations (true fractions) are
oresented ipid. As is seen from this table, the proposed method allows us to deter-
mine the fraction of protons and iron nuetei in the incident fhux with quite 2 good ac-
euracy. To improve the accuracy of determination of the fraction of intermediate nu-
ciel it 15 necessary to increase the size of TS.

In this work events obiained by the same modei are used as control /pseudo-ex-
perimental) and traming sampies. During the expenmental data nandling the model
adequacy test is a necessarv stage, The difficuity lies in the ract that the changes both
in the strong interaction modei and in the mass composition can lead io0 the same
change of the cbserved vaiues. To overcome this ampiguity one can use the -seif-con-
sistency- method developed in ref. [10].

TABLE V. - Recovered fractions of ‘our groups of tucier within - 108 < N, < 2-10° (W, s 2
stree- fracttow, W, d recoveTed umel.

Neg W A ¢ P L .
P 00 27 0.345 fuds
LN B8 0.272 i) ooy LUGT
H 194 i), 168 0.232 - LUEY

VH 163 i, 159 194 o1
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. = The nonparametric regression method.

As ground for estimation of the primary particle energy serves the fact of its cor-
relation with the measured EAS parameters. Table VI presents the coefficients of
the primary particle energy correlation with various shower parameters, [t is seen
that though the total number of electrons in a shower (V] is the main parameter used
to estimate the primary energy, the characteristics of the muon component of EAS
correlate with £, somewhat better. That is why our purpose was to investigate the
possibility of improvement of the aceuraey of estimation of the primary particie ener-
gy via the characteristics of the electron-photon and the muon components of
EAS.

First. some words about general formulation of the regression problem (we wiil
mainly foilow ref. [26]). Suppose a tlux of particles 15 sporadicaily and independently
incident on the atmosphere in accordance with some spectrum f{E). Then these paru-
cles, undergoing random cellisions and interactions with air atom nuelei, initiate an
extensive air shower. the parameters of which are registered Dy the experimental
set-up, .. each value of £ is put into coincidence with some random vector of meas-
urements, .Y, sccording to some conditionai probability density PLX/E).

The peculianty of solution of the regression problem in the cosmic-ray physics is
the fact that neither the rrue spectrum fE) nor the conditional density PLX/E) are
known in the general case, but there is a traming sequence {E:, X.}, i = 1. Mg {ob-
tained by simuiation) and it is required to «recover=- the regression £ = &(.X) by thir
sequence (Meg is the number of events in the training samplel

In the absence of svstematic errors (the machematical expectation of random vec-
tor measurement at a [fixed indepenaent variable ienergy) ts equal to the regression
funetion value in that point) this problem is reduced to one of minimization of the av-
erage risk:

(6. 1) {21 = [(E = FIX. )P PIX. EYdX dF .

where F(X. 3l is some [funerional famiy depending on the parameter z.
PIX. E)~ P{X)P(X/E) is the probabiiity density runcuon. If there is available a pri-
ort information about the form of probability function and the chosen functional fami-
ly F(X, z) is not too complex, then the regression probiem can be solved by the least
mean squares or the maximal likelihood standard methods.

Due o the compiicated stochastic pieture of particies and nuciel passing through
the atmesohere and the deteetors. we have not to axpect 1 standard probability
interpretation of ail random processes, that is why we have chosen a method

TABLE V1. - The coerficients of correlation of *he charmclensiics af the electron-photon and th
muon componenis of EAS with (nitial energy L WP < N, < 2- 105

X, 'S = N E ﬁ.;
B, > 3GeV E, = 200GeV) B, > 200GV
P 0305 1,720 0.23 1.678 1584

Fa .49 0,953 .22 i.a08 . 5382
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hased on a nonparametric way of rrearment of a4 priori information, which does
not impose any structure and rotally uses the information carried by TS.

The method is based on the obvious fact that the events ciose to some metric iusu-
ailv the Mahalanobis merriei27] is used) in the feature space have similar energy: the
compactness Avpothesis, The method based on the consideration of the -nearest
neighbourss is frst analysed in ref. (ZSL In this work it was shown that when the
number of the nearest newgnbours. K. and the total number of events in TS. M. tend
to infinity so that AL — 0. then the risk ol the procedurs tends to the rnunimum
achisvabie Baves risk and even the use of one neignbour increases the risk onlv twice
as compared 10 the Baves rsk. The uniform consistency of the rollowing estimate is
shown in ref. [ 28]

(6.2) ElN=~ CEqX). S C=L1.
L= pm

where £.;(X) is the vaiue of the independent variable (energy) of the i-th nearest
neignbour of the event .Y in the feature space.

The weight coefficients . are optimized by TS so that some quality function. £.g..
‘he mean-square error (MSE) of estimation. is mmnimized.

.
(6.5} MSE = 1‘5 SUE. = By (0 Mrs,

i |
where the index (i) means that the i-th event, the energy of which is esumated. is
remporartiy removed from TS (leave-one-out testl. Despite the fact that che nonpara-
metric procadures are optimal under uniimited sampiing, for the case of {inite sam-
ples there are practicaily no theoretical and practical recommendations on the choice
of the method paramerers (e.g., the number of nearest neignbours). That is why we
appiv the estmate adaptation ideology to the regression analysis. which was devel-
nped ‘or muitivariate nonparametric estimation of density ‘unction {20]. In this ap-
proacn there are simultaneousiy calculated several estimates corresponding to difer-
ent method parameters. The median of the ordered sequence s taken as final
estimate.

7. -~ The method of particie energy determination.

To estimate the aceuracy of primary particie energy determination oy the method
of nonparamerric regression. there were generated showers with inicial energy
£, > 500 TeV. The preprocessing of showers was carried out by the data nandling ai-
vorithms used ‘n the Tien-3han experiment[13]. The detector-induced fluctuations
were taken into account ‘when determining the characteristics of the eiectron-photon
and the muon components. After preprocessing of showers, part of them were used us
TS and another as -experimentai- datu. Taple VII presents the resuits of ssrlmation
of the energy of «pseudo-sxperimentai- events in various ranges of N, initiated by in-
mdent protons and nueiei with A > 24. The relative mean-square eyrors | RMSE) are
presented (bid.

7.1} RMSE, =(E, - EJ/E., i=1M.
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TABLE VII - Mean-square c7rors of «simation of the emergy of protons and awclet with
A =24

(Ne3 /108 11,56 = 0,196 1404 = 0.781 2716 + 0,534 9,758 + 1,072
(M3 /108 2,74 =0.258 3.830 =10.235 5.381 = 1.687 14.545 = L.01
Nig 364 915 194 402

NE, 119 463 455 218

RMSEP (%) ) ' 2.3 25 25

N 377 357 184 123

N, 184 295 102 13

RMSE" (%) 10.1 10.6 9.7 10.6

where £, is the wrue energy of the event estimated and £ is its nonparametric esti-
mate. The features used are N, and V,; it is seen from the table that in case of events
initiated by incident nuclei. the mean-square arror of estimation is 2.5 times smailer
than that for proton-induced events. whien i3 due to a stronger correlation of EAS pa-
rameters with the initial energy in the case of nuciear events as compared to the oro-
ton-initiated events (see table VI

The -true- integral energy spectra of protens and nuclet with 4> 24 (the true
spectrum corresponds to 100% of correet classification of protons and nuclet and to ze-
vo error in the determination of primary particle energy) and the -experiment
spectra obtained as a result of Bavesian classification of «pseudo-experimentais
events and then by nonparametric estimation of =nergy are compared.

There s a satisfactory agreement between the .[rile- and estimated energy spec-
tra. The energy of events is somewhat overestimated ior the «proton- svents ithe
measured SAS characteristics of misclassified nuclel are attributed to protons with
high energy) and are underesumated in the case of selected events attributed 1o
heavy nuclei (vice versal. The presence of such distortions leads o some change in
the index of the integral energy spectrum of incident Drocons and nuclei, To obtain a
quancitative estimate of the degree of distortion of the index of the integral energy
spectrum of protons and heavy nuclel. the rorresponding distributions were approxi-
mated by power law. with the heip of the minimization program ~FUMILI- from the
CERN program-iibrary. For frue proton avents the specirum is approximated
by

[F{E = 5000 = 14.75 =.36) R T
for zelected proton avents it is approximated by
I8 = 300) = (4,58 =0.U61) £ b
For the events initiated by heawy nuelei it is approximated by
IT(E > 500) = (4.56 =0.073) £ ~199=29%,
L=

[350E > 3000 = (4.84 =0.099) £

respectively.
it ‘ollows from these formulae that the relative ervor at the derermination of the
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integral energy spectrum index is 3% for incident protons and 5% for incident nuclei
with A =24,

5. = Conclusion.

The classification method ailows one to select experimental events initiated bv n-
4ent protons and nuecled with an efficiency of (70 = 80)% znd determine the mass
composttion of PCR at energies from 10" to 10" 2V. The main advantages of the
methed proposed are:
th its bemng 2 muitivariate one. t.e, inclusion of additional EAS parameters in
the analvsis meet no difficuities:
1) individual analvsis (event by eventl—each sxperimental event is an object
o Anaivsis—:ihelr belonging to a ¢ertain ciass and the error of statistical solution are
determined:
iif) a priov chosen probabilicy family is not imposed on data—the results of
simulation are used directly during the process of statistical solutions.

We hope that the use of the proposed method when handling the experimentai da-
ia obtained at compiex arrays will allow us 1o get unambiguous information about the
character of strong interactions at superaccelerator enerpies.

The nonparametric regression method for studying the energy spectra of PCR in
the energy range rom 10 to 10" eV via EAS data is based on

1) high reliability of muitivariate classification of EAS:

i high aceuracy of prmary particle energy determination by the nonpara-
wetric regression method (relative mean-zquare srror is (10 = 231%).

By the characteristics of the electron-photon and the muon eomponents of EAS we
can determine the parameters of proton and nuelear «beams» incident on the
almospnere,

Detection and investigation of the products of interaction of these particles with
the‘_amersphere frarget) will allow us to study PA and AA interactions at energies
(10" = 10" )eV.

-

We are gratefui to A. M. Dunaevsky and N. Stamenov for useful discussions and
0 E. A, Mamdjanian {or stimuiating interest in the work.

One of the authors (ZGZ) aiso thanks A. M. Dunaevsky for nrovision of EAS simu-
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